A route to evaluate exact sums represented by Dirichlet eta and beta functions, both of which are alternating and divergent at negative integer arguments, is advocated. It rests on precise extrapolations and confers a physical meaning to anti-limits. The scheme put forward here is direct, independent and conceptually appealing. A new interpretation of summability is also gained.
Introduction
Saw-tooth sequences emerge from alternating series. The limit point S ∞ of a convergent sequence {S j } of partial sums thus defines the actual sum of the parent series.
Such sequences diverge when the parent series diverges. However, assigning a 'sum' to a specific divergent series is not always a straightforward task. Hardy [1] discussed at length on the sense in which such 'sums' are to be interpreted. Dirichlet eta and beta functions at negative integer arguments provide considerable insights [1] in the context of alternating series. On the other hand, Riemann zeta function belongs to the other category, diverging monotonically at negative integer arguments. Some of the members of these two types are mutually linked too [1] . Here, however, we shall be concerned with the former functions only for which a simple geometrical interpretation exists, as detailed below.
The problems associated with ionic lattice sums [2] [3] [4] [5] [6] [7] [8] provide nice practical testing grounds to understand and treat divergences of saw-tooth sequences, deciphering specifically the meaning of sums and their functional relevance. In the course of our early explorations on ionic lattice sums [6] [7] [8] , we adopted a Padé-type sequence acceleration scheme [6, 8] to gain considerable success. Nonetheless, meanwhile [7] we also suggested an extrapolation scheme (ES) and observed that the anti-limit of a divergent saw-tooth sequence could be physical as well, so much so that even an approximate sequential scheme would be quite rewarding, within limits [7] . Indeed, during our exploration, it was also evident that exact linear extrapolations (LE) [7] agree with some of Hardy's axioms [1] that stand as foundations of handling any divergent series.
A preliminary survey of the relevant literature reveals that, while a lot of works focused attention on eta and beta functions (see, e.g., [9] [10] [11] and references quoted therein), they are chiefly restricted to positive arguments. In contrast, zeta functions received attention in respect of studies in both computations and related properties for positive arguments [12] [13] [14] [15] , taming along with the divergence at negative integer arguments [16, 17] . Therefore, a simple, direct and exact methodology for evaluations of the two functions at issue in the concerned domain seems demanding.
In view of the above remarks, purpose of the present communication is fourfold.
First, we wish to establish that the ES is the right choice to tackle both Dirichlet eta and beta functions at negative integer arguments. Second, these series are generally amenable to exact polynomial extrapolations (PE), and hence the results are also exact. Third, this endeavor brings to light the physical role of the anti-limit. Fourth, the divergent eta and beta functions may now be justifiably called as 'PE summable', in addition to the existing ones [1] .
A preamble to the anti-limit
Consider the partial sums S 1 , S 2 , S 3 , … of an alternating series that form a sawtooth sequence {S M }. The sequence tends to the correct answer S ∞ when the parent series is convergent. Otherwise, the limit point S ∞ does not exist. For a divergent alternating series, we have found [7] it expedient to split the corresponding sequence {S M } into two parts as odd where x is the sequence number. They meet at some point X towards the left, such that P o (X) = P e (X) = P(X) = S X , the value at that point. Thus, in such divergent situations, the anti-limit S X replaces the conventional S ∞ . This forms the basis of LE in the context of ES.
A few examples will nicely clarify the situation. Let us first choose η(-1), where
(1) 
Now, we have P o (x) = x and P e (x) = -x, leading to X = 0 and S X = β(-1) = 0. As the next illustration of the LE, we explore how an answer to η(0) may be found, where
To this end, we add up (1) and (3), obtaining ( 1) 
Employing now the LE to (4), one gets P o (x) = x/2 + 3/2 and P e (x) = -x/2; hence X = -3/2 and S X = ¾ follow. Thus, it turns out that η(0) = ½; indeed, this result is true for β(0) too, since it parallels expansion (3) . Alternatively, one may consider the sequence for (0) ( 1)
Another quick execution concerns the value of (0) that goes as
Adding up (1) and (5), we notice
From (6) The above idea had earlier been exploited to handle a few practical lattice-sum sequences that are divergent in character. There we adopted an approximate sequential LE scheme [7] with reasonable success, but considerable physical flavor. Surprisingly, we have now unearthed a more general exact ES via the PE.
The procedure
In a nutshell, the procedure is as follows: 
Results and discussion
It will now be seen how the PE becomes the natural candidate to tame both η(s) and β(s) series for any negative integer s. The policy, results (down to s = -10) and associated discussion are expounded below.
The Dirichlet eta function
The Dirichlet eta function is defined as
4
The series is alternating and converges absolutely for any positive integer s  2. Problems start from s = 1. Specifically, one finds (1) ln 2   by inspection. It is conditionally convergent. We already noted how η(0) and η(-1) are obtained. However, the situation becomes more frustrating as we gradually go downwards. The LE is helpless too.
As prescribed earlier, we now seek whether the even and odd sequences separately In Figure 2 , we show the case of ( 3 
results. The above figure also shows that the lines meet near zero and the value is slightly negative. The actual result is given in Table 1 . Interestingly, while the simplest LE (s = -1) possesses a single X that has already appeared in Figure 1 , a careful scrutiny uncovers multiple X-values for any s < -1. But, a great relief is that they always yield the same () s  . Figure 3 shows this assuring behavior in the specific case of ( 3)   , exposing three X-values.
However, our interpretation rests on the first intersection point, as the lines approach from the right side.
A few interesting properties of the aforesaid polynomials [cf. (v) For odd s, X = -½ is a common point of intersection, as Figure 3 shows. (vi) Structure of these polynomials is also notable. The highest power of x (equal to |s|) is followed by the immediately lower one, and then the still lower ones appear alternately. This also explains why no constant term turns up for even s.
The Dirichlet beta function
The Dirichlet beta function (also known as L(s), especially in Hardy [1] ) is defined as . This is again unambiguous, and hence comforting. Table 2 displays the various pairs of polynomials over the range -1  s  -10.
As before, we may summarize now a few properties of () (v) For even s, X = ½ is a common point, as Figure 4 reveals. (vi) Structure of these polynomials is also notable. The highest power of x is followed by the lower ones alternately. As a result, no constant term survives for odd s. again be the answer, but here it is non-zero only for even s. To convince ourselves, we tabulate the results for two more still lower s values below. Table 3 endorses the above assertions beyond any doubt. 
one gets β(21) from (13), which is the sum of again an alternating but convergent series.
Thus, certain series of different characters become indirectly amenable to right treatments, furnishing universally accepted values. In this way, the present endeavor accomplishes a greater good.
Conclusion
We have pursued a direct ES to decipher via the anti-limits how the values of two classes of alternating divergent series could be zero, positive and negative. After the initial success of the LE, here we have adopted a general PE. We happily note that Dirichlet eta and beta functions admit exact PEs, and hence anti-limits yield exact answers. No transformation has been applied anywhere. Indeed, such startling and direct observations allow us to put forward a new definition, viz., the 'PE summability'. In other words, the eta and beta functions at negative integer arguments are found to be PE summable. This is particularly because of the convincing success of the pilot computations presented here. Cases wherever exact PEs follow for divergent saw-tooth sequences, such a definition should apply. Further, no negative non-integer argument admits exact PE, though the resulting series are both alternating and divergent. This only reflects the special status of integers. In fine, along with its generality, the simplicity of the prescription is noteworthy too.
